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PREFACE 

The series of manuals on techniques describes procedures for planning and ex- 
ecuting specialized work in water-resources investigations. The material is 
grouped under major headings called books and further subdivided into sections 
and chapters; section C of Book 7 is on computer programs. 

This chapter presents a digital computer model for simulating the unsteady 
flow regimen occurring in a singular reach or throughout a system of reaches 
composed of simply or multiply connected one-dimensional-flow channels 
governed by time-dependent forcing functions and boundary conditions. The 
model is broadly applicable to a wide range of hydrologic conditions and field 
situations. Channel geometry need not be prismatic. Reach lengths of the 
branches and segments used in the model need not be equal. Procedures to be 
followed in implementing the model to a specific field application are presented 
in a straightforward, step-by-step manner. Operational modeling capability is 
achieved by linking the model to a highly efficient storage-and-retrieval routine 
that accesses a data base containing time series of boundary values. This opera- 
tional capability is enhanced by optional linkage to an extensive set of digital 
graphics subroutines. Although the model is well tested and will efficiently pro- 
duce reliable flow computations for a wide variety of field applications, the user 
is reminded that achieving successful simulation modeling is not dependent sole- 
ly on employing a well-formulated model. The user’s knowledge and understand- 
ing of hydrodynamic principles, his willingness to recognize and abide by the 
limitations inherent in the model, his imagination and skill-seasoned by ex- 
perience -in schematizing the prototype for modeling, and his common-sense 
ability to recognize errant data or results are important attributes, all con- 
tributing to successful simulation modeling. 

Any use of trade names and trademarks m this pubbcatron 1s for descnptwe purposes only and does not constitute endorsement by 
the U S Geolog~al Survey 
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A MODEL FOR SIMULATION OF FLOW IN 
SINGULAR AND INTERCONNECTED CHANNELS 

By R. W. Schaffranek, R. A. Baltzer, and D. E. Goldberg 

Abstract 

A one-dimensional numerical model is presented for 
simulating the unsteady flow in singular riverine or 
estuarine reaches and in networks of reaches composed of 
interconnected channels. The model is both general and flex- 
ible in that it can be used to simulate a wide range of flow 
conditions for various channel configurations. The channel 
geometry of the network to be modeled should be sufficiently 
simple so as to lend itself to characterization in one spatial 
dimension. The flow must be substantially homogenous in 
density, and hydrostatic pressure must prevail everywhere 
in the network channels. The slope of each channel bottom 
ought to be mild and reasonably constant over its length so 
that the flow remains subcritical. The model accommodates 
tributary inflows and diversions and includes the effects of 
wind shear on the water surface as a forcing function in the 
flow equations. Water-surface elevations and flow dis- 
charges are computed at channel junctions, as well as at 
specified intermediate locations within the network chan- 
nels. 

The one-dimensional branch-network flow model uses a 
four-point, implicit, finite-difference approximation of the 
unsteady-flow equations. The flow equations are linearized 
over a time step, and branch transformations are formulated 
that describe the relationship between the unknowns at the 
end points of the channels. The resultant matrix of branch- 
transformation equations and required boundary-condition 
equations is solved by Gaussian elimination using maximum 
pivot strategy. 

Five example applications of the flow model are il- 
lustrated. The applications cover such diverse conditions as a 
singular upland river reach in which unsteady flow results 
from hydropower regulations, coastal rivers composed of se- 
quentially connected reaches subject to unsteady tide-driven 
flow, and a multiply connected network of channels whose 
flow is principally governed by wind tides and seiches in ad- 
joining lakes. 

The report includes a listing of the FORTRAN IV com- 
puter program and a description of the input data re- 
quirements. Model supporting programs for the processing 
and input of initial and boundary-value data are identified, 
various model output formats are illustrated, and instruc- 
tions are given to permit the production of graphical output 
using the line printer, electromechanical pen plotters, 
cathode-ray-tube display units, or microfilm recorders. 

Introduction 
Advent of efficient, economical electronic 

computation during the past two decades has 
had a profound effect on our means for conduct- 
ing water-resources assessments. The two prin- 
cipal disciplines underpinning water-resources 
science-theoretical hydromechanics and ex- 
perimental hydraulics- have been joined by the 
new and still emerging discipline of computa- 
tional hydromechanics. This new discipline, 
while lying essentially at the intersection of 
theoretical hydromechanics, numerical analysis, 
and computer science and drawing upon the 
developmental progress in each of the others, is 
being recognized as an independent branch of, 
knowledge in its own right. It makes use of the 
parametric information derived from hydraulic 
experimentation as well. In effect, computa- 
tional hydromechanics is providing the means 
for transforming the theoretical knowledge of 
hydromechanics into useful and practical tools 
for water-resources study. The numerical model 
presented in this report is an example of just 
such a tool. 

Research of flow simulation modeling in 
riverine and estuarine systems began in the 
U.S. Geological Survey in the late 1950’s. The 
objective was to provide a strong physical basis 
for the development of methods with which to 
determine unsteady flows in channels affected 
by tides, flood waves, or hydropower regulation 
or where flow inertial effects were appreciable. 
Various numerical methods for treating the 
complete Saint Venant wave-propagation equa- 
tions were studied, and various models were 
constructed and reported in the literature 
(Baltzer and Shen, 1961; Lai, 1965a, b). The 
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2 TECHNIQUES OF WATER-RESOURCES INVESTIGATIONS 

earliest models were designed to treat only a 
single reach of channel since the numerical 
methods were primitive and the computational 
capabilities of the day rather limiting. Models 
capable of representing systems composed of 
two or more sequentially connected reaches 
(Baltzer and Lai, 1968) were quickly followed by 
models capable of depicting dendritic channel 
systems comprising many connected 
subreaches. However, these early models lacked 
the support of a comprehensive modeling 
system with which to easily effect their im- 
plementation and a computer data base with 
which to broaden the scope of their use. Conse- 
quently, each new model implementation was 
done in an ad hoc manner. In the early 19’70’s 
work was begun on a general purpose com- 
puterized system, including a boundary-value 
data base and other supportive files, designed 
specificalby for modular use in simulation model- 
ing. Use of this comprehensive modeling system 
in conjunction with the branch-network flow 
model-the name given to the numerical simula- 
tion model described in this report -is demon- 
‘strated subsequently. Whether or not to use the 
model with the supportive modeling system is 
optional. 

The branch-network flow model is based upon 
the one-dimensional, nonlinear partial- 
differential equations governing unsteady flow 
in channels for which the dependent variables 
are the flow rate, Q, and the water-surface 
elevation, 2. The application of the model is sub- 
ject to the basic assumptions and limitations in- 
herent in the equations’ formulation as de- 
scribed in the report. The equations include 
terms accommodating the shear-stress’effect of 
wind on the water surface and the Boussinesq 
momentum-correction coefficient permitting ad- 
justment for nonuniformity of flow in the chan- 
nel cross section. The partial-differential equa- 
tions are discretized and replaced by the ap- 
propriate finite-difference equations according 
to a weighted, four-point scheme. Weighting 
factors governing the discretized quantities of 
functional values and space derivatives in the 
finite-difference equations are specifiable, thus 
providing the model user the flexibility to vary 
the implicit-solution technique from a box- 
centered scheme on the one hand to a fully for- 
ward scheme on the other. The model is uncon- 
ditionally linearly stable throughout this range. 

The branch-network flow model, as described 
and documented in this report, is a broadly ap- 
plicable, proven model. It is intended for opera- 
tional use and is applicable to any channel 
(branch) or system of channels (network of 
branches) subject to backwater flow, unsteady 
flow, or both, whether caused by the ocean tides, 
flood waves, seiches, wind, or man-induced 
regulation. It may be implemented after data 
for the appropriate channel geometry and initial 
conditions descriptive of a prototype are ob- 
tained and when sequences of synchronous, 
precisely timed, boundary-value data are provid- 
ed at its boundary extremities. The model is 
designed to efficiently compute unsteady flow 
and water-surface elevation of either singular or 
interconnected channels. In general, a proto- 
type waterway may be as simple as one channel 
with an appropriate set of boundary-value data 
defined at its extremities or as complex as a 
system of interconnected channels offering 
multiple flow paths and requiring boundary- 
condition definition at several external loca- 
tions. A typical network composed of branches 
(reaches) and segments (subreaches) is il- 
lustrated in figure 1. Although the flow rates 
and water-surface elevations that occur at the 
end points of each of the segments could be com- 
puted directly, an important feature of this 
model is the incorporation of a tranformation 
technique that results in a very significant sav- 
ings in required computer time and storage. The 
transformation is accomplished by grouping the 
segments into branches, forming a transforma- 
tion equation to relate the unknowns between 
consecutive segments within a branch, and us- 
ing the resultant branch-transformation equa- 
tions to form a coefficient matrix much reduced 
in size over what would otherwise be the case. 
Model flexibility permits the user to define 
segments and branches as may be appropriate. 
Moreover, the user may designate tributary 
inflows at internal junctions since boundary 
compatibility conditions at all such junctions are 
resolved automatically. 

Aspects of the model and its implementation are 
presented in a thorough yet concise manner. In 
this regard it is assumed that the model user has 
an elementary knowledge of the hydromechanics 
of open-channel flow, of finite-difference methods 
for solving partial-differential equations, and of 
matrix algebra. Moreover, a basic familiarity with 
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FIGURE l.- Definition schematic of a hypothetical network. 

modern computers and their operating systems 
and with the FORTRAN IV programing language 
is presumed. 

The discussions of channel properties, cross- 
sectional geometry, initial and boundary-value 
data, computational control parameters, and 
model calibration and verification are intended to 
be reasonably self-contained. The effects of select- 
ing different computational weighting factors and 
of inadvertently using various types of errant data 
are illustrated for a calibrated model of one par- 
ticular prototype flow system. The structure, man- 
ner of operation, and input of data to the branch- 
network-model program-replete with operational 
examples-are fully documented. A listing of the 
current version of the computer program is 
presented in Appendix IV of this report. Inherent 
program limitations, resulting primarily as a con- 

sequence of a priori selection of array dimensions 
do exist, necessarily, and are identified. However, 
the program may be easily modified to accom- 
modate prototype networks having unique dimen- 
sion requirements. The model user is specifically 
informed what variables must be adjusted to effect 
such changes. 

The ultimate usefulness of a simulation model 
depends in large measure on two factors: first, its 
adaptability to a broad variety of prototype condi- 
tions and, second, the ease with which it can be im- 
plemented, modified to reflect changes to the 
prototype, and used to generate results that can 
be comprehended easily and quickly. Tabular list- 
ings and digital-graphic plots, illustrating some of 
the available output formats, are presented for 
five different applications of the model depicting a 
broad scope of prototype conditions. 
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Unsteady-Flow 
Equations for Networks 

of Open Channels 

Flow equations 
The one-dimensional partial-differential equa- 

tions governing transient flow in open channels 
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have been reported previously in the literature 
(Baltzer and Lai, 1968; Dronkers, 1964, 1969; 
Strelkoff, 1969; Yen, 1973). The system of dif- 
ferential equations presented by Baltzer and Lai 
constitutes the basis for the open-channel- 
network llow equations. Using the water- 
surface elevation, 2, and the channel discharge, 
Q, as dependent variables, the equation of con- 
tinuity can be written as 

&+aQ=o 
at ax ’ 

in which B is the channel top width, as shown in 
figure 2. The distance, x, in the longitudinal 
direction and the elapsed time, t, are the inde- 
pendent variables. The equation of motion for 
one-dimensional open-channel flow can be ob- 
tained as 
aQ Q a& at&M at+A :,+Q- ( ax 

+qA*+ gk ax ,,QIQt =o, 
in which g is the acceleration of gravity, A is the 
cross-sectional area, R is the hydraulic radius, 
and k is a function of the flow-resistance coeffi- 
cient, 17 (similar to Manning’s n), which can be 
expressed in the inch-pound system of units as 

“=(&I) (or in the metric system as k = 72). 

When wind effect is taken into consideration the 
equation of motion becomes 

at+ x :,+Q- @ Q a& a&w) +gAz 
( ax ax 

+m%3QlQl -4 BU: cos CY=O, 

in which lJ, is the wind velocity vector making 
an angle (2 with the positive x-axis and .$ is a 
dimensionless wind-resistance coefficient, which 
can be ex.pressed as a function of the water- 
surface drag coefficient, Cd, the water density, 
p, and the air density, pa, as 

~dQ!. 
P 

The applicability of these equations is gov- 
erned by several underlying assumptions that 
arise in the derivation process. Specifically, the 
slope of the channel bottom must be mild and 

Datum 

FIGURE 2.-Definition sketch of a channel cross section. 

reasonably constant over the reach length, so 
that the flow remains subcritical. Lateral flow 
into or out of the channel must be negligible be- 
tween channel junctions. The Manning formula 
is assumed to provide an accurate approxima- 
tion of the frictional-resistance force for 
unsteady as well as steady flow. Furthermore, it 
is assumed that flow in the channel is substan- 
tially homogenous in density, that hydrostatic 
pressure exists everywhere in the channel, and 
that a uniform velocity distribution prevails 
throughout any cross section. 

Since the flow velocity in most natural rivers 
and waterbodies typically varies throughout the 
cross section, a more realistic set of flow equa- 
tions can be obtained by re-examining the equa- 
tion of motion, thereby seeking to relax the 
uniform-velocity-distribution assumption. From 
a statistical analysis of turbulent flow behavior, 
one finds that the instantaneous flow velocity at 
a point consists of the mean velocity for the 
cross section plus the local component of devia- 
tion from the mean. When the velocity distribu- 
tion over the channel cross section becomes 
highly nonuniform, it becomes necessary to ac- 
count for these velocity deviations in the equa- 
tion of motion. Taking into account these veloci- 
ty fluctuations, one derives the following form 
of the equation of motion (SchafEanek, 1976): 

aQ Q aQ %+@A %+Q--- a@QlA) +gAz 
ax ax 

+A+3QIQi -E BU," cos a=O, 
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where ,f3, known as the momentum or 
Boussinesq coefficient, can be expressed as 

In this relationship, derived from the conserva- 
tion of momentum principle, u represents the 
velocity of water passing through some finite 
elemental area, dA, U is the mean velocity in the 
cross section, and A is the cross-sectional area 
as previously defined. In the equation the varia- 
tion of p with respect to longitudinal distance is 
assumed to be negligible. 

For channels of regular cross section and fair- 
ly straight channel alinement, it may be reason- 
able to neglect the minor effect of the nonuni- 
form velocity distribution by setting the momen- 
tum coefficient equal to one. That this is possible 
for such channels is due primarily to the 
diminished significance of this effect as opposed 
to the effects of inaccuracies in determining the 
channel schematization, as well as the bottom 
and surface friction coefficients. In reality, how- 
ever, the momentum coefficient for flows in 
natural rivers and waterbodies will always be 
greater than unity. It is generally found that the 
value of /3 for fairly straight prismatic channels 
ranges approximately from 1.01 to 1.12 (see 
Chow, 1959). Generally, the coefficient is larger 
for ,small channels and smaller for large chan- 
nels of considerable depth. Consequently, the 
above equation of motion for a nonuniform 
velocity distribution is utilized to broaden the 
scope of applicability of the flow model. 

Further reduction of the equation of motion 
results in a form more amenable to finite-differ- 
ence approximation. Factoring the equation and 
separating the derivative of the quotient in the 
third term, one can obtain the following form: 

1 aQ 2@Q aQ PQ”dA d.Z -+- ----++-- 
iji at pi2 ax gAsax ax 

+ -& QIQI-~u,‘cosa=O. 

‘This equation and the equation of continuity, 
restated for convenience, 

Bg+?&) 
at ax ’ 

represent the flow equations utilized in the 
branch-network flow model. 

Boundary conditions 
Solution of the flow equations requires speci- 

fication of boundary conditions throughout the 
duration of the simulation at the physical ex- 
tremities of the network, as well as at branch 
junctions within the network. Equations de- 
scribing the boundary conditions at branch junc- 
tions are automatically generated by the branch- 
network-model program, whereas boundary- 
condition equations for the network extremities 
are derived from user-supplied time histories of 
boundary-value data or formulated from user- 
specified functions. 

Compatibility conditions at internal 
junctions 

The most common boundary condition en- 
countered in networks of interconnected chan- 
nels occurs at junctions where two or more 
branches join. This situation typically occurs 
where a channel is joined by a tributary or 
where a channel is divided by the presence of an 
island. At such internal junctions, stage (water- 
surface elevation) and discharge compatibility 
conditions must be satisfied. By neglecting 
velocity differences and energy losses due to tur- 
bulence at the junctions, appropriate com- 
patibility conditions can be specified. For a junc- 
tion composed of n branches, discharge con- 
tinuity requires that 

& Qm= w/c> 
where W, is some specified external flow at junc- 
tion k. Since the stage at a junction is single 
valued, stage compatibility equations are ap- 
plied as follows: 

zm=zm+l, m=l, 2, . . . ) (n-1). 

Therefore, at an internal junction of n branches 
there are one discharge continuity and n- 1 
stage compatibility conditions that must be 
satisfied. 

Boundary conditions at external junctions 

In addition to the required boundary condi- 
tions at internal junctions, boundary conditions 
must be specified at all external junctions, that 
is, junctions with a singular connecting branch 
as identified in figure 1. Various combinations of 
boundary conditions can be specified at the 
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external junctions of a network. External boun- 
dary conditions can consist of a zero discharge 
(as, for example, at a dead-end branch), known 
discharge ;as a function of time, known stage as 
a function of time, or a known unique stage- 
discharge relationship. Boundary conditions, de- 
fined by time-sequences of discrete boundary- 
value data., can be made available to the branch- 
network flow model via punched computer cards 
or from computer data files of the direct-access 
type. 

inherent computational efficiency, stability, and 
versatility with respect to the application of 
boundary conditions. 

Initial conditions 
In order to initiate a solution of the system of 

equations with the specified boundary condi- 
tions, initial values of the unknown quantities 
are required. These values may be obtained 
from measurements, computed from some other 
source, such as steady-state approximations, or 
computed from previous simulations. Successive 
use of the newly computed values as initial 
values permits the computation to proceed step- 
by-step until the boundary-value data are ex- 
hausted or the simulation is otherwise ter- 
minated. Successful convergence of the com- 
putation to the correct solution requires that the 
initial valu’es be reasonably accurate; the less ac- 
curate the initial values, the longer the computa- 
tion takes to dissipate the initialization error 
and converge to the true solution. 

Solution Technique for 
Open-Channel Network 

Flow Simulation 

The set of nonlinear partial-differential equa- 
tions describing unsteady flow in open-channel 
networks defies analytical solution. Approxi- 
mate solut,ions can be obtained by replacing the 
partial-diflerential equations by appropriate 
finite-difference expressions. In the branch- 
network flow model a weighted, four-point, 
finite-difference scheme is employed, and the 
resultant system of algebraic equations is solved 
simultaneously. This weighted, four-point, 
implicit-solution technique is used because of its 

Finite-difference formulation 
Formulation of the finite-difference equations 

consists of treating time derivatives of the 
dependent variables, stage and discharge, as 
centered both in space and in time and of 
treating spatial derivatives of the dependent 
variables as centered in space and positioned in 
time according to a user-defined weighting fac- 
tor. The lone exception is the spatial derivative 
of the cross-sectional area in the equation of mo- 
tion, which is approximated by a forward-differ- 
ence technique. The geometric properties of 
area, top width, and hydraulic radius, as well as 
the discharges in nonderivative form in the 
equation of motion, are treated as weighted, 
four-point, difference quantities in a fashion 
similar to the approximation of the spatial 
derivatives of the dependent variables. (Discrete 
values of the hydraulic radius are approximated 
by the hydraulic depth, which is the cross- 
sectional area divided by the channel top width.) 
Thus, these functional values can be approx- 
imated at the time level at which the spatial 
derivatives are defined or at any other different 
level within the time interval. 

FIGURE 3.-Space-time-grid system for finite-difference 
approximations. 

0 
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As can be seen from the space-time-grid 
system shown in figure 3, the four points used in 
the approximatios are identified by the inter- 
sections of the vertical lines at distances X, and 
X %+i with the horizontal lines representing the 
time levels at 0 and t~+l. The computational 
scheme uses a fixed time step, At, but permits 
the subdivision of branches into segments of 
equal or unequal lengths. In the finite-difference 
approximations, Ax, represents the length of the 
ith segment of any given branch. From the 
space-time-grid system of figure 3, time and 
space derivatives of the functional value, f(J), 
are approximated, respectively, as follows: 

ml -z xi+: +.f;3+ l -.t+ 1 -&I? ) 
at 2At 

and 

am - z 
ax 

,.c: -~~+‘.(,~,)Rl-x. 
Ax, Ax, 

In the approximation of the spatial derivatives, 
f(l) represents the dependent variables, stage 
and discharge, and 0 is a weighting factor deter- 
mining the time between the tJ and tJ+l time 
lines at which the spatial derivatives are 
evaluated. The spatial derivative of the cross- 
sectional area in the equation of motion is ap- 
proximated bv a forward-difference technique as 

aA - 3 A,:‘; -A/+’ . 
ax Ax, 

In a manner similar to the treatment of the 
spatial derivatives, quantities such as the cross- 
sectional area, top width, hydraulic radius, and 
the discharge in nonderivative form in the equa- 
tion of motion, represented by f(T), are approx- 
imated by 

In this expression x is a weighting factor, 
similar to 8, specifying the time at which these 
functional quantities are evaluated between the 
tJ and t J+’ adjacent time levels at the midpoint 
of the ith segment. 

In the four-point, finite-difference scheme, 8 is 
a real constant, generally thought of as lying in 
the interval 010 5 1. If 8 is not zero, one must 
solve a set of simultaneous linear equations, and 
therefore it is called an implicit system. When 0 

is less than 0.5 the four-point, implicit, finite- 
difference equations are found to be conditional- 
ly linearly stable. The equations are found to be 
unconditionally linearly stable when 8 is greater 
than or equal to 0.5 and less than or equal to 1.0. 
A weighting factor value of 0.5 yields the tradi- 
tional box scheme used by Preissman (1960) and 
by Amein and Fang (1970), whereas a 0 value of 
1.0 represents the fully forward scheme pre- 
sented by Baltzer and Lai (1968). 

The weighting factor x is similarly taken as ly- 
ing in the interval 0 IX I 1. If x is zero, function 
values are determined exclusively from previous 
time step quantities, whereas a x weighting fac- 
tor of one produces a fully forward approxima- 
tion of the applicable functions. 

Computational effects of various values for 
the 8 and x weighting factors are discussed in 
subsequent sections, and appropriate value 
ranges are suggested. Stability and other 
numerical properties of the four-point, implicit, 
finite-difference scheme are also discussed in 
detail by Fread (1974). 

Utilizing these finite-difference approxima- 
tions and the notation f(fl to signify function 
values derived from the previous iteration, one 
can transform the partial-differential flow equa- 
tions into the following finite-difference expres- 
sions for the ith segment: for the continuity 
equation, 

Q;;; -&;1+' 2;+1+2; 
2At 1 

+e 
Ax, 

+(1-e) QX=o 
Ax, ’ 

and for the equation of motion, 

1 QtT+;+Qt?+' 
!d [ 

&.1+1+&i 
2At 2At I 

+sp& e ~~++~-&1",(l-q &,',I-&," 
g& C Ax, Ax, 1 

p&2 A:,;‘-A”I+l+e z;++; -z:‘l+(l-e)z:+,-z; -- 
gA3 Ax, Ax, Ax, 

-~ua2cos a=o. 
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In this solution technique stage and discharge 
are computed at the ends of the segments identi- 
fied by the i and i+ 1 locations. The equations 
consist of four unknown quantities represented 
by ,Z::i, ,Za+ ‘, Qi:,‘, and Q/+‘. Therefore, as it ex- 
ists, the equation set is indeterminant since the 
two equations have four unknowns. However, 
with suitable boundary conditions specified, the 
number of equations can be increased in order 
that a solution can be effected by implicit means. 

Coefficient-matrix formulation 
Solution of the flow equations is conveniently 

accomplished by matrix methods after ap- 
propriate cloefficient matrices are constructed. 
Rewriting t.he continuity equation as 

QJ++; - QJ+l + (9 (&:+I - &,"I 

+ Bs (z~~:+2~+1-223,1-2~)=o, 

and letting 

BAx, , 

‘= 2Ate 

one derives. the desired coefficient form of the 
continuity equation in terms of the four 
unknowns for the ith segment, 

Q,:+:+rZ,:+;-QJ+l + yZ;+l =6, 

wherein 

6= -(-F(Q,l - Q,‘) + r(Z;+l+Z;‘). 

In a like manner, the coefficient form of the 
equation of motion can be derived from the 
previously formulated finite-difference equation. 
After it is factored, the equation of motion for 
the ith segrnent can be written, 

5 [&,I;’ +Q:+’ -&,“,I -&;I 
2AtOgA 

+ zp& 
,A2 [ 

&3+1-Q3+1 (l--@ 
1+1 2 +e (&:+I -Q:)] 

+q&+;-z;+’ +y (Z,“;, -2;) 

+ xAx,%I Q,‘,‘;+Q”+’ + (1-X) 
2eAZa4l3 [ z 

X 
(&:+I +Q3] 

With the definition of the coefficients, 

~=ax”, p,=-, m& and ,,=xAx,kl&l , 
zategli gLi” 2eAZE4/3 

the equation of motion, after substitution and 
collection of terms, becomes 

(x+4 [Q:::+Q,3+1 1 + ~[&:::-&23+~1 
+ [223++:-Z;+1] = c, 

wherein 

E= ( ba (@+ [Q23,1+~;~ 
X 

I 
+a [A:;; --A”,“] +lQ-3$ u,” cos a. 

egA3 

Finally, with the substitutions {=x + a+~ and 
w =X + (T-P, the coefficient form of the equation 
of motion in the four unknown quantities for the 
ith segment can be written as 

!: Q,“=,’ +Z,3,+,’ +uQ;+~-Z;+~=E. 

Together with the continuity equation derived 
previously as 

Q j+l ++;++; -Q,“+‘+yZ;+1=6, z+l 

the flow equations for the ith segment can be ex- 
pressed in the following matrix form 

[; ;] [ $j]-[‘,-;I [ $‘:I=[ ;I. 

Branch-transformat ion equation 
Using appropriate internal and external 

boundary conditions and initial values, one may 
effect a matrix solution directly for the set of 
flow equations for all segments within the net- 
work, a segment being the primary subdivision 
of a branch as shown in figure 1. The resultant 
solution set would consist of computed values of 
stage and discharge at all cross sections delin- 
eating the segments. However, the equation set 
of a network consisting of M segments would 
form a coefficient matrix of minimum order 
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2M+ 2 requiring solution at each time step. For and 
instance, a network composed of 10 sequentially 
connected branches, each subdivided into 5 

, 

segments (50 segments in all) would require a 
102x 102 size coefficient matrix of 10,404 
computer-word locations to hold the equation 

A branch-transformation equation can now be 

set. Since the computer costs necessary to per- 
obtained through successive application of the 

form a solution for an equation set of this / 
segment-transformation equation. The result- 

magnitude could be substantial, it is desirable to / 
ing equation relates the unknowns at cross sec- 

examine alternate means of formulating the / 
tions 1 and m of the nth branch, 

coefficient matrix. s;(+ ’ = u,s,“+ l + &, 
From the coefficient matrices of the finite- : wherein the’ transformation matrices of the nth 

difference equations a transformation equation 
can be obtained that defines the relationship be- 
tween the unknowns at consecutive cross sec- 
tions that delimit a branch segment. By coupling 
all segment-transformation equations for a 
branch, a transformation equation results that 
relates the unknowns at the termini of the 
branch. By using these branch-transformation 
equations instead of segment-flow equations, 
the size of the coefficient matrix is reduced to 
order 4N for a network of N branches. The 
above-mentioned, ten-branch system, having 
five segments per branch, would then require 
only a 40x 40 size coefficient matrix of 1,600 
computer-word locations. Obviously, the result 
is a significant savings in computer costs 
because of reduced computational time and com- 
puter storage demands. Values of water-level 
and discharge at the cross sections delineating 
the segments within each branch are subse- 
quently derived by back substitution. 

branch, U, and u,, are obtained through suc- 
cessive substitution of the segment-transforma- 
tion equation from the m- 1 segment down to 
the first segment. These branch-transformation 
matrices, 

and 

+ u(x)(u@)+ U&l)) * . * ) 

describe the relationship between the vectors of 
state, S:+’ and SAtl, at the ends of the branch, 
that is, at the junctions. After a matrix solution 
is effected producing the stages and discharges 
at junctions, intermediate values of the un- 
knowns at additional cross sections that delimit 
the branch segments are successively computed 
using the segment-transformation equation for 
the particular branch. 

Defining a two-component vector of state at 
the ith cross section, 

one may write the following transformation 
equation for the ith segment from the vector of 
state for the cross section at the i+ 1 location, 

The transformation matrices of the ith segment, 
U,,, and Us,,, follow from the previously defined 
coefficient matrices thusly: 

Matrix solution 
For a network of N branches, the branch- 

transformation equations, internal boundary 
conditions, and external boundary conditions 
form a linear system of 4N equations in 4N 
unknowns. Branch-transformation equations 
appear first in the matrix followed immediately 
by internal boundary equations and finally by 
the external boundary conditions expressed in 
equation form. The system of equations may be 
expressed in matrix notation as AX=& where 
the coefficient matrix A is 4Nx 4N, X is the vec- 
tor of 4N unknowns, and B is the right-hand col- 
umn vector of 4N constants. 

For the hypothetical Y network illustrated in 
figure 4, the contents of the coefficient matrices 
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are shown in figure 5. The network consists of 
three branches (branches are identified by 
superscripts) joining at a single junction (junc- 
Cons are indicated by subscripts). Boundary 
conditions at the three external junctions con- 
sist of known stage as a function of time. No ex- 
ternal flow exists at the internal junction; stage 
and discharge compatibility conditions at this 
junction are as specified in the figure. 

1 

I -Branch 

b-+ 

Junction 

/ = 4 

z;=zJf z y=z&) 

1 

d 

z;=zy 

o;to;-:-og= 0 

2 

ZF=z,(t) 

FIGURE 4.-A simple hypothetical network. (Superscripts 
identify b’ranches; subscripts identify junctions.) 

Numerous techniques exist for numerical solu- 
tion of systems of linear equations such as il- 
lustrated in figure 5. One of the most widely 
used methods for solving simultaneous equa- 
tions is (Gaussian elimination. (The term 
“elimination” is derived from the process 
whereby unknowns are successively eliminated 
by combining equations.) Gaussian elimination 
is a two-step method. By successive combina- 
tions of equations, all of the coefficients in the A 
matrix below the diagonal are eliminated to 
form an upper triangular matrix. After the up- 
per triangular matrix has been formed, the 
unknowns are determined by back substitution 
of lower equations into those higher in the 
matrix. 

The equation used to eliminate the unknowns 
in the other equations is called the pivot equa- 
tion. Roundoff errors in the elimination process 
can be minimized by choosing the equation hav- 
ing the largest coefficient in the column as the 
pivot equation. This technique, known as Gaus- 
sian elimination using maximum pivot strategy, 
is utilized to effect the matrix solution in the 
branch-network flow model. 

Ull u12 
1 I.1 

U21 u22 
I I -1 

1 1 -1 

1 

1 

1 

FIGURE 5. -Coefficient matrices for the hypothetical 
network shown in figure 4. 

Solution of the matrix results in determina- 
tion of the stage and discharge at the termini of 
the branches (at the junction cross sections). In- 
termediate values of the unknowns at the ter- 
mini of the segments (at cross sections located 
between junctions) are determined through suc- 
cessive application of the segment-transforma- 
tion equation defined previously. 

By use of the initial conditions, that is the 
values given at t”, to initiate the simulation, the 
computation proceeds step-by-step to the end of 
the simulation at t” through successive solution 
of the coefficient matrices. The matrix coeffi- 
cients contain known quantities at the present 
time level, tJ, as well as unknowns at the for- 
ward time level, tJ+‘. Iterative solutions may be 
performed within the time step to refine the 
computed results and thereby satisfy the user- 
specified accuracy requirements. Present time- 
step quantities are obtained either as initial 
values (at the t” time level) or as the last solution 
values derived in the previous time step (at all 
subsequent time levels). Forward time-step 
quantities are obtained initially either from 
present values or by extrapolation and 
thereafter from the most recent values derived 
through iteration within the time step. 
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Branch-Network Model 
Implementation 

Channel and Cross-Sectional 
Geometry 

In addition to the hydrodynamic factors 
governing the applicability of the one- 
dimensional flow equations, several fundamen- 
tal considerations constrain flow analysis by 
one-dimensional methods of approximation. The 
most obvious constraint is that the individual 
channel geometry be sufficiently simple so as to 
lend itself to one-dimensional characterization. 
Specifically, the channels should be sufficiently 
“straight” in the longitudinal sense so that the 
flow may be simulated by flow in straight chan- 
nels. Channels with bends of significant cur- 
vature may also be trea,ted if determination of 
the flow field in the bend is not important. In 
this situation the influence of the curvature on 
the flow field may either be neglected, if deemed 
minor, or accounted for by means of appropriate 
values for the momentum and (or) flow-resis- 
tance coefficients. All artificial or natural sec- 
tion controls within the channels must be iden- 
tified and taken into account in the model 
schematization. 

Other constraints related to the water-surface 
profile are also significant in determining the 
suitability of a one-dimensional analysis. The 
water-surface profile at the boundary-value, 
data-collection locations must be horizontal in 
the transverse direction to insure proper deter- 
mination of the water-surface elevations. Fur- 
thermore, the overall channel distance between 
external junctions must be sufficient to permit 
accurate determination of the longitudinal 
water-level variation so that adverse effects of 
measurement errors are minimized. This is par- 
ticularly important if these measured data are 
to be used as boundary values or for calibration. 

Certainly, many other factors may also enter 
into determination of the applicability of one- 
dimensional flow analyses. Some of these have 
been reported elsewhere by Schaffranek and 
Baltzer (1978). To attempt to list all the 
necessary considerations is not possible. 
However, certain implementation constraints of 
major concern will be identified as they arise 
subsequently. 

Implementation of the branch-network flow 
model necessitates determination of several 
physical and hydraulic properties of the pro- 
totype system under investigation. Certain of 
these properties are made readily available 
through direct field measurements. Others defy 
direct field quantification, thereby necessitating 
initial approximation and subsequent refine- 
ment throughout the model calibration and 
verification processes. Nevertheless, accurate 
flow computation requires proper definition of 
these properties in order to maintain com- 
patibility with the one-dimensional analytical 
methods employed. 

In order to implement the branch-network 
flow model it is necessary to accurately describe 
the prototype system under investigation. In 
this schematization process, it is essential to 
precisely identify the branch and junction loca- 
tions, the branch and segment lengths, the 
cross-sectional geometry, and all other 
geometrical and physical properties that affect 
the flow. As a first step toward fulfilling these 
data requirements, a review of existing 
hydrologic and hydrographic information com- 
bined with a map and field reconnaissance of the 
prototype is an essential preliminary activity. 
This helps to define data collection requirements 
and field constraints and to determine the scope 
of the entire modeling effort. 

Schematization of a network for flow simula- 
tion requires depicting the system by branches 
delimited by, and possibly connected at, junc- 
tions. Junctions are either internal or external 
to the network. (See fig. 1.) Locations at which 
two or more channels join or where nodal flow 
must be accommodated are internal junctions; 
model-defined boundary conditions sup- 
plemented by specified nodal flows are applied 
at these locations. Junctions at which a single 
branch is defined are external junctions; user- 
supplied boundary conditions are required at 
these locations. External junctions define the 
extremities of the network being simulated. In 
deciding upon the location of external junctions, 
it is, of course, economically advantageous to 
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establish their position so as to utilize data col- 
lected at existing field-station locations to 
satisfy boundary-condition requirements. 
However, where such data are not readily 
available and a location and means must be 
decided upon for acquiring the necessary boun- 
dary values, logistic and economic, as well as 
hydraulic considerations, play a significant role 
in the decision process. After junction locations 
are assigned, and the branches are thereby 
defined, a decision must be made whether or not 
to subdivide the branches into segments. 
Geometric and hydraulic factors, as well as com- 
putational considerations, are the basis upon 
which the subdivision of branches into segments 
is determined. Once the branches and segments 
have been delineated, their lengths can be deter- 
mined by iield surveys or by measuring along 
the channel thalweg as depicted on topographic 
maps or marine charts. (In one-dimensional 
analyses the x-axis is taken as either the thalweg 
or map centerline of the channel, and the y-axis 
is the cross-channel coordinate.) 

Cross-sectional geometry must be defined at 
the termini of all segments. Cross-sectional in- 
formation consists of stage-area and stage- 
width relationships supplied in tabular form. 
The required cross-sectional geometry can be 
approximated from hydrographic survey charts, 
such as may be available from the National 
Ocean Survey, NOAA, or from the U.S. Army, 
Corps of Engineers, or measured directly by 
standard hydrographic survey techniques. 
Direct field measurement is recommended to in- 
sure that the model accurately depicts the cur- 
rent prototype conditions. 

Channel Conveyance 
Parameters 

In addition to the channel and cross-sectional 
properties required to conduct flow simulations, 
definition of certain other channel parameters is 
critical. Accurate definition of the flow- 
resistance coefficient is always necessary. Prop- 
er specification of the velocity distribution 
(momentum) coefficient and the wind-shear, 
water-surface drag coefficient may also be re- 
quired depending on the particular flow condi- 
tions. While it is often difficult to quantify these 

parameters precisely, reasonable approxima- 
tions are obtainable. 

Of the channel parameters identified, perhaps 
the most difficult to quantify is the flow- 
resistance coefficient. This is particularly true 
since the flow-resistance coefficient is typically a 
compound function of the physical and hydraulic 
properties of the channel. Thus, the flow- 
resistance coefficient, although principally 
dependent on the channel roughness, may be 
affected by inherent minor inaccuracies in the 
chosen schematization of the prototype. Com- 
plex networks also compound the problems 
associated with determination of the flow- 
resistance coefficient. 

As stated in the section Flow equations, the 
Manning equation for steady uniform flow is 
assumed to provide a reasonable approximation 
of the frictional resistance expected for 
unsteady flow. In the Manning equation, 

u= 1.49 RV”S” 
17 

or, in the metric system, 

rl 

R is the hydraulic radius, S is the slope of the 
energy gradient, U is the velocity and 11 is the 
flow-resistance coefficient. The flow-resistance 
coefficient notation, q, is used in place of Man- 
ning’s n to indicate, first, that the coefficient 
represents an unsteady flow situation and, sec- 
ond, that it may also be accounting for 
schematization inaccuracies. However, the flow- 
resistance coefficient should never exceed 
reasonable bounds. In fact, it should never vary 
greatly from its corresponding steady-flow ap- 
proximation determined from the Manning 
equation. Such deviation, should it occur, must 
be interpreted as a signal of trouble and is very 
probably indicative of inappropriate use of one- 
dimensional techniques, schematization and (or) 
data inaccuracies, or excessive distortion of the 
prototype in the chosen schematization. 

Accurate determination of the flow-resistance 
coefficient is often difficult. For unsteady-flow 
computation in a channel or network in which 
approximately steady-flow conditions occur, an 
7 value equivalent to Manning’s n, determined 
by the foregoing equation, may be used. For the 
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more difficult situation where steady-flow or 
nearly steady-flow conditions never prevail, the 
flow-resistance coefficient may be obtainable 
only by a trial-and-error process beginning with 
an initial estimate and successively adjusting 
the value until satisfactory flow results are 
achieved. If measured discharges are available, 
it is also possible to numerically compute 17 by 
methods described by Baltzer and Lai (1968). 

Often flow resistance varies under changing 
flow conditions. It may be necessary, therefore, 
to treat the flow-resistance coefficient as a func- 
tion of time. For example, it has been shown 
that the flow-resistance coefficient frequently 
varies with the Reynolds number (Baltzer and 
Lai, 1968). The variable behavior of the flow- 
resistance coefficient has also been linked to 
changes in the bed regime of the channel bottom 
or to extreme changes in the water tempera- 
ture. Similar correlations of the flow-resistance 
coefficient have been detected and reported by 
others. Therefore, in the branch-network flow 
model the flow-resistance coefficient can be 
defined as a linear or quadratic function of the 
water temperature, discharge, flow depth, 
Froude number, or Reynolds number. 

Accurate simulation of the flow conditions 
may also necessitate evaluation of the momen- 
tum coefficient as defined in the section Flow 
equations. This may be required for channels 
characterized by contractions and (or) expan- 
sions, meandering paths of travel, or cross- 
sectional irregularities, such as islands, sand 
bars, or gullies. In such highly nonprismatic or 
curved channels a uniform velocity distribution 
does not exist. 

Evaluation of the momentum coefficient may 
be accomplished directly from field-measured 
horizontal and vertical velocity profiles by use of 
the integral definition. However, if available 
data are insufficient to determine the coefficient 
directly, other velocity distribution profiles may 
be examined and used to approximate the coefi- 
cient and thereby produce more accurate flow 
results than would otherwise be possible under 
the uniform-velocity-distribution assumption. In 
order to effect an approximation it is important 
to note that the momentum coefficient for the 
cross-sectional area is separable into two com- 
ponents accounting for the transverse and ver- 

tical deviations of the velocity from their respec- 
tive mean values. The momentum coefficient for 
the cross-sectional area is the product of these 
individual components (Schaffranek, 1976). 
Various semiempirically based theories have 
been proposed that provide accurate, realistic, 
laboratory- and field-substantiated approxima- 
tions to the vertical velocity profile of natural 
channels and waterways; examples include 
Prandtl’s mixing length theory, G. I. Taylor’s 
vorticity transfer theory, and Von Karman’s 
similarity hypothesis. Similarly, more accurate 
approximation methods, such as exponential or 
logarithmic distribution forms, are available to 
depict the transverse distribution of flow in 
natural channels. Accurate evaluation of the 
momentum coefficient by realistic definition of 
the transverse and vertical flow distribution will 
obviously serve to improve the accuracy of the 
flow computations. The momentum coefficient is 
always greater than or equal to one; a value of 
one implies a uniform velocity distribution. For 
the turbulent flows typical of most natural chan- 
nels, the momentum coefficient is on the order 
of 1.06. 

Under some conditions it may also be 
necessary to account for wind-induced currents 
caused by wind stress acting on the water sur- 
face within the network. Thus, wind has been in- 
cluded as a forcing function in the branch- 
network flow equations. Evaluation of the wind 
effect requires specification of the air and water 
densities, the wind speed and direction (usually 
measured at standard anemometer height), and 
a water-surface drag coefficient. The difficulty in 
accurately simulating wind effect rests with 
selection of the most suitable value for the 
water-surface drag coefficient. Experimentation 
has shown that the value of this coefficient 
depends not only on the flow depth but also on 
the height, steepness, and celerity of the wind- 
generated surface waves. Representative values 
of the water-surface drag coefficient appear to 
range between 1.5x 10e3 for light winds and 
2.6x lo-” for strong winds (Wilson, 1960). 
Determination of the appropriate value may re- 
quire analysis of the flow under various wind 
conditions. Plots of the water-surface drag 
coefficient versus wind speed are illustrated in 
Neumann and Pierson (1966). 



14 TECHNIQUES OF WATER-RESOURCES INVESTIGATIONS 

Initial and boundary-value data 
Three cornprehensive sets of data are required 

to carry out flow simulations by mathematical- 
numerical models such as the branch-network 
flow model. Initial-condition data, channel 
geometry, and boundary-value data (usually 
water-surfalce elevations precisely timed and 
synchronized) constitute mandatory data re- 
quirements for flow computation by the branch- 
network flow model. 

In addition to the required channel and cross- 
sectional data, which were described in the sec- 
tion Channel and cross-sectional geometry, ini- 
tial values of the unknown quantities must be 
determined and supplied as initial conditions. As 
mentioned in the section Initial conditions, these 
values consisting of water-surface elevations 
and discharges at the termini of all segments 
can be obtained directly by field measurement, 
computed from previous simulations, approx- 
imated from some other source (such as as- 
sumed steady-state conditions), or simply 
estimated. By use of unsteady-flow data for the 
Sacramento River, model convergence for 
various deviations of the initial discharge from 
its true value is illustrated in figure 6. For initial 
values that are in error by as much as 100 per- 
cent the convergence time of the model is found 
to be roughly 2 hours (eight time steps) with a 
maximum ‘deviation of 12.5 percent after five 
time steps (11/4 hours). At 0200 hours, 2 hours 
after the start of the simulation, all computed 
discharges are within 2 percent of the true 
value. Thus, while reasonable initial conditions 
are desirable, estimates can be used for starting 
conditions if a sufficient amount of “warmup” 
time is provided for the model to dissipate the 
errors and converge to the true solution. It is 
noteworthy that models of flow systems having 
high rates of energy dissipation will converge 
more rapidly than those having low rates of 
energy dissipation (Lai, 1965a, b). 

Boundary conditions for the branch-network 
flow model consist of two types. First, stage and 
discharge compatibility conditions must be 
satisfied a.t junctions where two or more 
branches join internal to the network. Assign- 
ment of internal boundary conditions is ac- 
complished automatically by the branch- 
network-model program. Using branch and 
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FIGURE 6.-Discharges computed for the Sacramento 
River near Freeport, Calif., by use of various initial 
values in the branch-network flow model. 

junction identification information provided as 
input parameters, the program constructs the 
internal boundary-condition equations and fills 
the appropriate elements of the coefficient 
matrices with values describing these boundary 
conditions. 

The second type of boundary condition must 
be defined by the model user. Such boundary 
conditions occur at the external junctions of the 
network, that is, at a junction consisting of a 
singular connecting branch. External boundary 
values may be specified either as a stage hydro- 
graph or a discharge hydrograph or be pre- 
scribed by a unique stage-discharge relation- 
ship. The most commonly used external bound- 
ary condition is the stage hydrograph, since 
precise synchronous recording of the water- 
surface elevations can be accomplished 
automatically. Digital recorders actuated by a 
float or by a gas back-pressure servomanometer 
and timed by precision crystal timers encode 
these data on l&channel punched-paper tapes 
at preselected time intervals. Subsequently, 
these punched-paper tapes of field-recorded, 
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0 time-dependent data are read by optical means, 
and the data are telemetered for processing on I 
the U.S. Geological Survey computer system. 
Transmitted data are concurrently translated to 1 
extended binary coded decimal (EBCDIC) / 
characters and temporarily recorded on digital 1 
magnetic tape. The magnetic tape containing { 
the transmitted time-dependent data, identified 
by field-station number, data recording frequen- 
cy, and beginning and ending dates and times, is 
then ready for subsequent translation, editing, 
and filing. An array of computer programs, re- 
ferred to as the time-dependent data processing 
system, is available for use to edit and file such 
time-dependent data in order to provide boun- 
dary conditions for one-, two-, and three- 
dimensional models of flow and (or) transport. 
After processing, these data are made readily 
available for direct inclusion in the branch- 
network flow model. They can be retrieved 
directly by the model from the edited time- 
dependent data base by identifying the field- 
station number, data type, recording frequency, 
dates, and times of interest on data-request 
program-control cards input to the model. For 
data recorded at frequencies different from the 
computational time increment used in the 
model, parabolic interpolation is performed by 
the model to determine values consistent with 
the chosen time step. 

All significant external inflows and outflows of 
the network must also be determined and iden- 
tified in the model implementation. Constant 
inflows and (or) outflows in the network are 
presently treated as occurring at branch junc- 
tions. Therefore, it may be necessary to “lump” 
lateral flow between junctions, such as bank 
seepage, and define it as a point source occur- 
ring at one or more appropriate junctions. In the 
model schematization, inflow is typically taken 
to be positive in sign. 

Computation-control 
parameters 

Flow simulation by the branch-network flow 
model requires specification of several 
parameters that principally control the 
numerical computation process. Determination 
of appropriate values for these computational- 
control parameters is important because they 

have an effect on the accuracy, convergence, 
and stability of the model. Three primary con- 
siderations, critical with regard to controlling 
the numerical computation, are determination 
of the simulation time increment, definition of 
the segment lengths, and selection of ap- 
propriate finite-difference weighting factors. 
Other considerations, such as the accuracy of 
the initial conditions and the value of the 
tolerance limits, are also important aspects 
affecting the numerical computation process. 

Numerical solution of the flow equations on a 
rectangular x-t grid system, whether by explicit 
finite-difference techniques or by the method-of- 
characteristics technique, imposes a constraint 
on determination of the computational time in- 
crement based on definition of the segment 
lengths. This constraint is not applicable, 
however, in a rigorous mathematical sense, to 
the implicit solution technique, such as is 
employed in the branch-network flow model. 
Characteristic and explicit schemes are subject 
to the Courant restriction, which imposes the 
following constraint upon the time-increment to 
segment-length ratio 

In this relationship At is the time increment, Ax 
is the distance increment (or segment length), U 
is the mean flow velocity, g is the acceleration of 
gravity, and H is the depth of flow. Adherence 
to this restriction is necessary in order to assure 
stable computational conditions when utilizing 
method-of-characteristics or explicit solution 
techniques. This restriction on the time incre- 
ment can frequently cause characteristic and ex- 
plicit solution schemes to require excessive 
amounts of computer time; for this reason im- 
plicit solution techniques offer distinct 
economical advantages. Nevertheless, the 
Courant condition, which is a function of the 
wave celerity (c= $H) and the flow velocity, re- 
mains a valuable index when selecting a time in- 
crement for implicit solutions, as well. For a 
fixed length, the Courant condition restricts the 
time increment of characteristic and explicit 
solutions accordingly, 

Atr AX 
IUh@Z 
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On the other hand, various numerical simula- 
tions using the branch-network flow model have 
remained stable for large time steps appreciably 
exceeding the value imposed by the Courant 
restriction. One must be aware, however, that 
increasing the time increment may also degrade 
the accuracy of the simulation and thereby 
render the results useless. The time step used in 
the branch-network flow model may safely ex- 
ceed the Courant value by a factor of two to five 
without undue degradation of the computed 
results. However, each model implementation is 
unique; thus, the appropriate time increment 
should be judiciously determined. The amount 
by which the Courant condition can be safely ex- 
ceeded is a. function of the weighting factor, 8, 
and the ratio of the critical segment length to 
the primar,y, translatory wave length. 

Several simulation results using various time 
steps are illustrated in figure 7. The flow shown 
in the illustration is for the Sacramento River 
near Freeport, Calif. This application of the 
branch-network flow model treats the Sacra- 
mento River between Sacramento and Free- 
port, Calif., as one branch. The total branch 
length is 17.4 km, and it is treated as a single 
segment in the model simulations. Stages 
recorded at Sacramento (station number 
11-4475.00) and near Freeport (station number 
11-4476.50) on January 17, 1977, and used as 
boundary-value data for the model, are shown in 
figure 8. For the given flow conditions-max- 
imum flow velocity of 0.45 m/s and wave celerity 
of 7.0 m/s -the time increment imposed by the 
Courant condition is approximately 40 minutes. 
The model was run with time steps of 15 
minutes, 1 hour, 2 hours, and 4 hours. The 
15-minute time step abides by the Courant con- 
dition whereas the l-hour, 2-hour, and 4-hour 
time steps are, respectively, 1.5, 3, and 6 times 
the Courant value. As can be seen from figure 7 
the computation remains stable for all time 
steps tested. However, the simulation results 
obtained using the larger time steps may not be 
very usable and, in fact, present a rather crude 
approximation of the flow profile. Therefore, it 
is always important to select a time step that 
produces the best approximation of the flow con- 
ditions and, hence, the most usable results. 

Oftentimes model output results are used for 
special purposes, such as to drive a transport 
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FIGURE 7.-Discharges computed for the Sacramento 
River near Freeport, Calif., by use of various time in- 
crements in the branch-network flow model. 

model. This may require computation at some 
predetermined time increment. For this situa- 
tion the segment lengths can also be selected us- 
ing the Courant condition as an index. Usually 
in one-dimensional flow analyses the segment 
lengths are set on the order of 10 times the 
width. However, the segment length specifica- 
tion is primarily a function of the flow accuracy 
requirements. 

Thus, although the time-step to segment- 
length ratio presented by the Courant condition 
need not be strictly upheld, the conservative 
properties of the model, and hence the accuracy 
of the results, are best for values close to the 
Courant criterion. Therefore, the Courant 
criterion is a valuable index for selecting the 
time step to be used in the branch-network flow 
model. 

Another equally important consideration in 
implementation of the branch-network flow 
model is selection of an appropriate value of the 
finite-difference weighting factor for the spatial 
derivatives. Utilizing the weighted, implicit, 
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FIGURE 8. -Water-surface elevations for the Sacramento 
River at Sacramento, Calif., and near Freeport, Calif., 
used as boundary-value data for the branch-network 
flow-model simulation shown in figure 7. 

four-point difference scheme affords con- 
siderable flexibility in simulating various 
transient-flow conditions. Consequently, it is 
very important to carefully analyze the flow 
simulations using various weighting factors for 
the range of flow conditions expected and to 
judiciously select the most appropriate value for 
8. The effect of the weighting factor on the 
stability of the solution is illustrated in figure 9. 
This analysis was accomplished by using the 
model to simulate perturbated steady flow in the 
Sacramento River at Sacramento, Calif. In 
these simulations the stages at Sacramento and 
near Freeport, used as boundary conditions to 
drive the model, were fixed at 6.15 m and 4.89 
m, respectively, for which the steady flow 
discharge amounted to 1903.3 m3/s. The initial 
discharge conditions were set slightly higher at 
1903.7 m’/s in order to introduce a perturbation 
on the flow for conducting the analysis and to il- 
lustrate the convergence properties of the 
model. As figure 9 shows, the model exhibits 
oscillations in the flow computation for 0 values 

less than 0.6. These oscillations are small, 
symetrical about the true solution, and after 
their initial development, neither grow nor 
decay with time. This phenomenon, referred to 
as psuedoinstability or computational mode, can 
be negated by taking 0 greater than or equal to 
0.6, as shown in figure 9. The selection of ap- 
propriate values for 0 is, however, largely 
dependent on the particular flow conditions be- 
ing simulated and the solution time increment. 
For most transient-flow conditions a reasonable 
value for the spatial-derivative weighting factor 
appears to be 0.610r 1.0. The branch-network 
flow model defaults to the fully forward scheme 
specified by 0 equal to 1.0; this value of e pro- 
duces the most stable computational mode. 

Although the direct (noniterative) solution 
technique in the branch-network flow model pro- 
duces acceptable results when the selected time 
step and the chosen schematization are ap- 
propriate for the prototype, iteration within the 
time step is available and can be used to produce 
results of a higher order accuracy. Such 
iterative improvement of computed results is 
optional. Two methods are provided for control- 
ling the iterative refinement process. These con- 
trols are intended to be used in tandem. First, 
the maximum allowable number of iterations 
can be user specified. Secondly, convergence 
criteria -the maximum acceptable difference 
between successive results computed through 
iteration within the time step-can be specified 
for both stage and discharge. Default conditions 
are a maximum of five iterations per time step 
with the discharge convergence criterion 
established from the initial values and the stage 
convergence criterion set at 0.01 ft for data in- 
put in the inch-pound system and 1 em for 
metric data input. The default discharge con- 
vergence criterion is set at one-half of one per- 
cent of the minimum (absolute value greater 
than zero) initial discharge specified. If all initial 
discharges are zero the discharge convergence 
criterion is assigned a value of one by default. 
For the initial convergence test at each new 
time step the unknowns are automatically set by 
the model to current time-step values or to 
model-extrapolated values. The model default is 
no extrapolation. These parameters provide 
complete flexibility in controlling the iteration 
process, thus allowing the model user to tailor 
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FIGURE 9.-Steady flow computations for the Sacramento 
River at Sacramento, Calif., by use of various finite- 
difference weighting factors (0) In the branch-network 
flow model. 

the computation to suit the accuracy re- 
quirements of his particular application. Several 
applications of the model for various flow condi- 
tions have shown that default convergence 
criteria are generally satisfied in three or less 
iterations per time step. 

Calibration and verification 
The success of any flow model application 

depends greatly on the availability of accurate 
prototype data. Prototype data are needed for 
flow-model calibration, that is, determination or 
refinement of the least quantifiable parameters, 
such as the flow-resistance coefficient and the 
water-surface drag coefficient; flow simulations 
can be properly assessed only through verifica- 
tion with good-quality observed data. In the 
calibration process the objective is to adjust 
these parameters to accurately replicate the 
prototype system for the range of flow condi- 
tions expected. Although model reproduction of 
a prototype water-level hydrograph is of some 
verification value, a more rigorous verification is 
achieved by model reproduction of the prototype 
discharge hydrograph in both phase and 
amplitude. Once this level of calibration is 
achieved it is possible to extend the utility of the 
model to simulate flow conditions beyond the 
calibration range, if sufficient checks are made 
to insure the validity of the calibration for such 
extreme flow conditions. 

Data for model calibration and verification 
consist of time series of measured discharges, 
together with concurrently recorded water- 
surface elevations. The length and frequency of 
required discharge measurements are largely 
dependent on the unsteady nature of the flow. 
However, economic and operational constraints 
often control the duration and frequency of such 
measurements. In general, for tide-driven 
systems, one or more measurements, usually of 
tidal-cycle duration, are scheduled each year. 
The location of such measurements is based 
principally on model needs as determined by the 
prototype flow conditions. Oftentimes, selection 
of the location at which discharge measure- 
ments are to be made is a matter of determining 
where the flow may be most accurately meas- 
ured, given the physical and economical con- 
straints on field operations. 
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All aspects of a particular model schematiza- 
tion are subject to adjustment during the 
calibration process. However, aspects that are 
physically well defined and that can be 
measured, and thus determined with reasonable 
accuracy, are considerably less subject to ad- 
justments than are those for which measured 
values are lacking or for which direct determina- 
tion is impossible. For instance, reach lengths 
are definable and can be accurately measured; 
they should not be subject to alteration during 
calibration. Likewise, channel geometry data 
are generally not altered during calibration, 
since such data can be measured with 
reasonable accuracy. Moreover, water-level 
boundary-value data, presumably recorded 
synoptically with precise time synchrony and 
properly referenced to a common datum, should 
not require alteration. Yet it is frequently just in 
this regard that errors occur and model calibra- 
tion difficulties do arise. Occasionally, one or 
more water-level recorders may be incorrectly 
referenced to datum or correctly referenced to 
an incorrect datum, with the result that not only 
are the time-sequences of boundary-value data 
not correct but perhaps the channel geometry 
may become improperly referenced to stage as 
well. Recorded boundary-value data that lack 
time synchrony infer distorted wave- 
propagation rates within the model and result in 
phase and amplitude calibration problems. Thus, 
failure to maintain synchronous operation of the 
water-level recorders or the presence of errors 
in the datum reference of these recorders may 
result in an improperly schematized model and 
erroneous, often confusing, model results. (One 
must be particularly sensitive to “force fitting” a 
model calibration using data of questionable 
validity.) In order to avoid an unnecessarily 
complicated and prolonged model-calibration 
process, it is important to identify and correct 
errors in the directly measurable quantities as 
early in the calibration process as possible. It is 
best, of course, if by thorough planning and 
diligent field operation, such errors can be 
avoided entirely. 

Once the accuracy of the directly measurable 
quantities has been verified, the principal aspect 
of model calibration, namely, determination of 
the channel conveyance properties, remains to 
be accomplished. Initially, these properties can 

only be approximated, estimated, or otherwise 
inferred. Thus, the conveyance properties, prin- 
cipally the conveyance due to channel resistance 
expressed in terms of the Manning equation as 

or, in the metric system, as 

may legitimately require modification during 
the calibration. However, the value of the coeffi- 
cient, 7, must always be physically realistic. 

Under certain flow conditions the conveyance 
produced by wind shear acting on the water sur- 
face and that resulting from the nonuniform 
distribution of the flow velocity may also be 
significant and necessarily reauire consideration 
in the calibration process. 

The difficulty in evaluating the flow-resistance 
coefficient for calibrating the flow model stems 
principally from the fact that the energy- 
dissipation relationship is an approximation bor- 
rowed from the realm of steady, uniform flow. 
Little factual information is known regarding 
the effect of boundary-shear resistance under 
unsteady-flow conditions. Knowledge of the 
effect of boundary friction is mainly empirical, a 
fact that complicates model calibration and 
verification but is not an insurmountable prob- 
lem. The applicable flow-resistance coefficient is, 
as noted in the section, Channel conveyance 
parameters, not only a function of such 
hydraulic properties as the flow depth, tur- 
bulence, and water temperature but also of the 
schematization of the prototype. Therefore, it is 
necessary to use the model to arrive at ap- 
propriate values, since for different schematiza- 
tions, different values of 77 may be found. 

In order to conduct the model calibration 
several accurate sets of discharge data are 
necessary. It is desirable to have such discharge 
information for a range of flow conditions. If 
possible, the model calibration process should 
begin with a set of data gathered during steady 
or nearly steady flow conditions. The initial 
estimate of the flow-resistance coefficient can be 
determined from the Manning equation or can 
be simply estimated. The calibration process 
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then involves successive adjustment of the con- boundary-value data via an input parameter of 
veyance factors until satisfactory agreement the branch-network flow model. 
between thle computed and measured flow data An excessive cross-sectional area, derived by 
is achieved. The model calibration must then be entering a table of stage versus cross-sectional 
verified by comparative testing with other in- 1 area that represents the schematized channel 
dependent sets of observed-flow data. The with too large a value for stage, results in 
model is successfully verified if the computed magnification of both positive and negative 
results agree well with the field-observed data. flows. A too small cross-sectional area, the 
If agreement is not good, the model calibration result of entering a table of stage versus cross- 
parameters must be further adjusted until such sectional area with too small a value for stage, 
agreement is achieved or the cause of the devia- produces the reverse effect, as can be seen from 
tion is identified. figure 12. An adjustment to correct the error 

By use of the calibrated model of the can be made in the model by using the datum 
Sacrament,0 River, several simulations have correction input parameter to equally decrease 
been conducted to illustrate the effect of or increase the stage value at the ends of the 
changes in the flow-resistance coefficient. In reach. 
figure 10 the results of these simulations are Figures 13 and 14 illustrate the computational 
compared with both measured discharges and effects of the weighting factors for the function 
with computed discharges from the calibrated 
model. 1 

values and their spatial derivatives in the 
branch-network flow equations. Selection of ap- 

A too small value for q reduces flow ! 
resistance, thus increasing momentum or iner- 
tia. The simulation performed with a decreased 
flow-resistance coefficient not only results in a 
discharge hydrograph having peaks and troughs 
of larger magnitude (fig. 10) but also results in a 
phase shift, which is not easily discernible in 
figure 10. On the other hand, an excessive value 
for q shows the reverse effect. Thus, the model 
adjustment critically depends on the use of prop- 
er q values. 

Additional simulations were conducted to il- 
lustrate the effects of changes in boundary-value 
data and cross-sectional geometry. The results 
of these simulations are compared with both 
measured discharges and with computed 
discharges taken from the calibrated model as 
shown in figures 11 and 12. 

propriate values for these weighting factors is 
primarily dependent upon the flow conditions 
and the geometric properties of the prototype. 
Through use of such variable weighting factors, 
complete flexibility is provided to accommodate 
implementation of the model for prototypes hav- 
ing widely varying flow conditions and physical 
characteristics. 

Recorded water-surface elevations may 
sometimes, be incorrectly defined because of 
datum errors, survey inaccuracies, or vertical 
displacement (settling) of the gaging structure. 
The result of such errors is an increase or a 
decrease in the water-surface slope throughout 
the channel reach. Increasing the water-surface 
slope increases the discharge in the downstream 
direction. Reducing the water-surface slope pro- 
duces the reverse effect, as can be seen from 
figure 11. To accommodate such detected er- 
rors, it is possible, during the flow simulation, to 
apply a (datum correction to the recorded 

The weighting factor, 0, positions the finite- 
difference approximation of the spatial 
derivatives between two adjacent time lines of 
the space-time grid system. (See fig. 3.) Ap- 
propriate values for the spatial derivative 
weighting factor appear to be in the range 0.6 I 
13 I 1.0, as noted in the section Computational 
control parameters. Computational experience 
has shown that values of 8 less than 0.6 have 
consistently generated unacceptable pseu- 
doinstability (computational mode). The fully 
forward technique specified by 0 equal to 1.0 
provides the greatest computational stability. 
However, it also has the sometimes undesirable 
characteristic of damping the computed wave. 
Such numerical damping tends to increase in 
proportion to increases in the computational 
time step. Other factors, including the wave 
celerity, also influence determination of the ap- 
propriate 8 value. In evaluating 8, an optimal 
value must be determined so as to minimize 
numerical damping of the computed transient 
while at the same time minimizing the 
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FIGURE lO.-Discharges computed for the Sacramento River at Sacramento, Calif., 
with flow resistance increased and decreased by 25 percent. 
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computational mode, as exemplified in figure 9. 
Figure 13 indicates a weak pseudoinstability 
condition manifesting itself in the computed 
discharge hydrograph for the Sacramento River 
when a value of 0.6 is used for the spatial- 
derivative weighting factor. Whereas the 
discharge hydrograph using a value of 1.0 for 8 
does not exhibit such pseudoinstabilities, the 
computed transient is somewhat attenuated, 
thereby implying a compromise 8 value is ap- 
propriate for this application. 

320 

discharges using values of 0.5 and 1.0 for x. The 
discharge hydrograph computed using a x value 
of 0.5 shows a phase lag compared with that 
computed using values based totally on the ad- 
vanced time line, that is, x equal to 1.0. Subtle 
differences also exist in the computed minimum 
discharges. The significance of the weighting 
factor for these quantities appears to increase 
for channels having increasingly variable 
geometric properties, such as, narrowing or 
widening cross sections. Typically, the 
weighting factor x is initially set equal to 8 and 
ultimately adjusted as required during the 
model calibration process. 
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FIGURE 13. --Discharges computed for the Sacramento 
River at Sacramento, Calif., with various weighting 
factors (8) for the spatial derivatives in the branch- 
network flow model. 

In the computation process the geometric 
properties of area, top width, and hydraulic 
radius and the discharges in nonderivative form 
in the equation of motion can be accurately ap- 
proximated over the time interval by using an 
appropria.te value for the weighting factor, x. A 
cursory review of the finite-difference equations 
for 8 and x, as defined in the section Finite- 
difference formulation, reveals the similarity 
between the two weighting factors. Reasonable 
values for x fall in the range 0.5 I x 5 1.0. 
Figure 14: illustrates the effect on the computed 
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FIGURE 14.-Discharge computed for the Sacramento 
River at Sacramento, Calif., with various weighting 
factors (x) for the function values in the branch- 
network flow model. 

Calibration of network-type flow models may 
be difficult depending upon the complexity of the 
flow regime and the interconnection of channels 
within the prototype. Networks of intercon- 
nected open channels generally fall into two 
categories. In a network of simply connected 
branches the flow has only one path-of-travel 
between any two locations in the system. 
Models of this type of network tend to be easier 
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to calibrate than models of networks of multiply 
connected branches, wherein it is possible for 
the flow to travel by more than one route be- 
tween various locations. If the calibration of a 
system of multiply connected branches is not 
correct, erroneous circulations may appear in- 
ternally in the network rendering the model 
results useless. Calibration of network models is 
best conducted by first subdividing the network 
into simpler, single- or multiple-branch models 
keeping intact the principal natural circulation 
loops of the overall system. After successful 
calibration of these individual models, evalua- 
tion of the complete network model can be 
undertaken by combining the various smaller 
subset models. By this technique the network 
model calibration may be accomplished more 
systematically and economically. 

Branch-Network 
Program Description 

The FORTRAN IV code for the branch- 
network flow model is listed in Appendix IV. 
The model is composed of a MAIN program and 
eight primary subroutines, namely, OUT, 
PRTPLT, ARBIN, SETA, GEMXPI, OPLOT, 
DADIO, and DTCODE. The subroutines DAD10 
and DTCODE, which are referenced by the 
MAIN program but which are not included in 
the source listing in Appendix IV, are resident 
in the time-dependent-data, storage and 
retrieval system library SCHAF.DADIO.- 
LOADMOD. This library is cataloged on the 
U.S. Geological Survey computer system. The 
special system function, MOVE, not identified in 
the list but used by the MAIN program for fast, 
efficient array manipulation, is stored in the 
cataloged FORTRAN library XTENT.LIB. 

‘Other lower-level subroutines, aside from the 
common intrinsic FORTRAN functions, 
specifically required for the graphical display of 
computed results and directly referenced via 
subroutine OPLOT are available in the 
SYSl.DISSPLA.LIBRARY and SYSl.FLAT- 
BEDC system program libraries. 

For reference purposes and to permit the 
cross-referencing of program variables and ar- 
rays with the mathematical equations, the 

MAIN program variables and arrays are defined 
in Appendix II. Commonality of variable and ar- 
ray names among the MAIN program and the 
various subroutines has been preserved to the 
extent practicable. 

The bulk of the work of the simulation is per- 
formed in the MAIN program module of the 
model. The primary functions of the MAIN pro- 
gram are numerous: 
1. to control the model input and output, 
2. to initiate and terminate the simulation, 
3. to allocate and appropriately initialize 

variables and arrays, 
4. to retrieve the required boundary-value data 

and generate the boundary-condition equa- 
tions, 

5. to construct the coefficient matrices and per- 
form the necessary matrix transforma- 
tions, and 

6. to generally supervise the various sub- 
programs and the overall computation 
process. 

The eight primary subroutines of the model 
perform various functions in support of the 
simulation conducted by the MAIN program. A 
matrix solution for the set of branch- 
transformation equations is effected by Gaus- 
sian elimination using maximum pivot strategy 
in the subroutine GEMXPI. The subroutine 
SETA computes the flow-resistance coefficient 
as a linear or quadratic function of water 
temperature, flow depth, discharge, Froude 
number, or Reynolds number, as designated by 
the user according to the prototype flow proper- 
ties, The ARBIN subroutine interpolates cross- 
sectional area and top-width properties at a 
specified stage and approximates the hydraulic 
radius from the input stage-area-width 
geometry tables. The subroutine OUT prints 
computed results in tabular form following each 
iteration or time step, prints daily summaries of 
flow results, prints cumulative flow volumes, 
which it stores and subsequently retrieves from 
a direct-access file, and optionally punches ini- 
tial condition cards (for subsequent input to 
follow-on executions of the model). Line-printer 
plots of computed results, optionally including 
plots of measured data, are produced by the 
PRTPLT subroutine. Similarly, the OPLOT 
subroutine prepares a daily computed and, op- 
tionally, a measured discharge or stage 
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